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Abstract-Using a Nagumo type tangential condition, we establish the existence of periodic solu- 
tions for a differential inclusion with a nonconvex valued orientor field. 
1. INTRODUCTION 
In this paper, we study the following multivalued boundary value problem defined on RN: 
k(t) E w, z(t)) a.e. on T = [O,b] s(0) = z(b). (1) 
Here F : T x RN -+ RN,{O} is a multifunction (orientor field) with nonempty, closed but not 
necessarily convex values. In the past, all results concerning the existence of periodic solutions of 
differential inclusions assumed that the orientor field was convex valued. We refer to the works 
of Haddad-Lasry [l, Theorem B-II-l], Aubin-Cellina [2, Theorem 4, p. 2371, Papageorgiou, [3, 
Theorem 4.11, W.H. Shaw [4] and Mscki-Nistri-Zecca [5]. 
In this paper, using a continuous selection theorem due to Fryszkowski [6], we establish the 
existence of solutions for (l), under a Nagumo type tangential condition analogous to the one 
employed in [l-3]. The approach of Shaw [4] and Macki-Nistri-Zecca [5], was based on degree 
theoretic techniques. 
2. PRELIMINARIES 
Let Pf (RN) denote the collection of all nonempty, closed subsets of RN. A multifunction 
(set-valued function) F : T x RN + Pf(lRN) is said to be measurable, if for all z E RN, 
(t, z) + d(z, F(t, x)) = inf{]]z - v]] : v E F(t,z)} is measurable. By 5’; we will denote the set 
of all integrable selectors of a multifunction G(e); i.e., S& = {f E L1(T,RN) : f(t) E G(t) ae.}. 
A straightforward application of Aumann’s selection theorem (see [7, Theorem 5.101) shows that 
S& is nonempty if and only if t -t inf{]]z]] : 2 E G(t)} E L:(T). 
Let Y, 2 be Hausdorff topological spaces and G : Y + 2z,{0}. We say that G(.) is lower 
semicontinuous (l.s.c.), if for all U c 2 open, G-(U) = {y E Y : G(y) II U # 0) is open in Y. 
We will say that G(a) has an open graph if the set GrG = {(y, z) E Y x 2 : z E G(y)} is open in 
Y x Z equipped with the product topology. 
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Let K C RN be nonempty, closed and convex and let 11: E K. The Bouligand tangent cone to 
K at x is defined by 
d(x+Xw, K) = 
x 
o 
whereas before d(x + XV, K) = inf{]]x + XV - z]] : z E K}. If int K is nonempty, then so is 
int T’(x) and in fact, the multifunction x + int TK(z) has an open graph (see [2, Proposition 
4, p. 2211). 
We will need the following simple auxiliary result. 
LEMMA. If X, Z are Hausdorff topological spaces, G : Y + 2’,(S) is an Z.s.c. multifunction, 
F : Y -+ Zz,{O} is a multifunction with open graph and for all y E Y, G(y) n F(y) # 0, then 
y + R(y) = G(y) fl F(y) is Z.S.C. 
PROOF. We need to show that for every U C 2 open, the set R-(U) = {y E Y : R(y) n U # 0) 
is open in Y. Let y E R-(U) and let z E G(y) n F(y) n U. Then (y, z) E GrF n (Y x U). Since 
by hypothesis, F(o) has an open graph, GrF n (Y x U) is an open subset of Y x 2. Therefore, 
we can find VI(Y) a neighborhood of y and W ( ) i z a neighborhood of z s.t. VI(Y) x WI(z) c 
GrF n (Y x U). Observe that G(y) n WI(Z) # 0, since both sets contain z. So because G(e) is 
by hypothesis Z.S.C., we can find Ug(y) a neighborhood of y such that for all y’ E Us(y), we have 
G(y’) n WI(z) # 0. Then set U(y) = VI(Y) n &(y). For y’ E U(y), we have G(y’) n WI(Z) # 0, 
while U(y) x WI(z) C GrF n (Y x U). So for all y’ E U(y’), G(y’) n F(y’) n U # 0 + R-(U) is 
open * R(.) is Z.s.c. 
3. PERIODIC 
We will need the following hypotheses: 
H(F): F : T x RN --) 2nN,{0} is a multifunction 
(1) (t, x) + F(t, z) is measurable, 
(2) x --t F(t,x) is I.s.c., 
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with compact values s.t. 
(3) 1% ~11 = SUPWII : w E F(t, x)} 5 a(t) + c(t)llz/ a.e. with a, c E L:(T), 
(4) for all (~i,~r), (~~212) E GrF(t, a)( ~1 - 212,x1 - ~2) < i?]]zi - x2]12 with i: > 0. 
H(K): K C IWN is a nonempty, compact, convex set with int K # 0. 
HO: for all (t, zc) E T x K, F(t, x) n int TK(z) # 8. 
THEOREM, If hypotheses H(F), H(K) and HO hold, then problem (1) admits a solution. 
PROOF. First we will establish an a priori uniform bound for those trajectories of k(t) E 
F(t,z(t)) a.e. that emanate from K. So let x(a) E C(T,RN) be such a trajectory. Then for 
some v E K and some f E L’(T, IbIN), f(t) E F(t, s(t)) a.e., we have 
x(t) = 0 + 
s 
ot f(s) ds, tET 
* lkmll I lbll + 1’ Ilf(s>ll ds 
* Ilx(t)II L IN + jot llf(s)II ds (where lK(1 = sup{]]vl] : v E K} 
* Il4Gll I IKI + s tW +c(sMs)ll)ds. 0 
Applying Gronwall’s inequality, we deduce that there exists Mi > 0 such that 
for all t E T = [0, b] and all trajectories x(.) emanating from K. So without any loss of generality, 
we may assume that IF( 5 u(t) + c(t)Ml = 4(t) a.e., $(a) E L: (otherwise replace F(t,x) 
by F(t, TM~ (x)), with TM~ (e) being the Ml-radial retraction). 
Periodic solutions 
Let W G C(T,RN) be defined by 
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y~C(T,@):y(t)=w+ J ohds, tE T, 21 E K, Ilf(t)II I cp(t) a.e. 
Clearly W is a nonempty, convex subset of C(T, rWN) and furthermore a straightforward appli- 
cation of the Arzela-Ascoli theorem, shows that W is also compact in C(T, IF?). Also let H : T x 
EP 4 Pf(IWN) be defined H(t,x) = F(t,pK(z)) n int T&K(~)), where 
PK : RN + K-is the metric projection on the compact, convex set K. Note that because of 
hypothesis H(F) (1) d an since the metric projection pK(.) is continuous, (t, x) --f F(t,pK(z)) 
is measurable + (t,z) --+ F(t,pK(z)) flint TK(~K(x)) = H(t,z) is measurable. Also using hy- 
pothesis H(F) (2) and the continuity of pK(.), we get that z 4 F(t,pK(r)) is 1.s.c. Recall 
(see Section 2), that z --+ int TK(PK(z)) has an open graph. Hence, the lemma tells us that 
2 + F(t,PK(d)n id TK(PK(2)) is .s.c. and so by [S, Proposition 2.31, (see also [9, Proposition 1 
7.3.3, p. 85]), we conclude that x 4 H(t,x) is 1.s.c. Then let R : W -+ 2L1(TlWN),{8} be the 
multifunction defined by R(y) = S~(,,,(.)). Then by virtue of [lo, Proposition 21, (see also [ll, 
Theorem 4.1]), we have that y -+ R(y) is 1.s.c. and clearly has closed and decomposable values 
(i.e., if A c T is measurable and hi, h2 E R(y), then XAhl + xAch2 E R(y)). Apply [6, The- 
orem 3.11 to get T : W -+ L1(T,IkN) continuous s.t. r(y) E R(y) for all y E W. Fix z E K 
and let h, : W + W be defined by h,(z)(t) = z + Jir(z)(s)ds, t E T. Using the continuity of 
the selector r(m), we see that h,(a) is continuous. Apply Schauder’s fixed point theorem to get 
X(Z)(.) E W such that X(Z) = h,(z(z)). W e c aim that this fixed point is unique. Indeed suppose 1 
that 21(z), Q(Z) E W were both fixed points of h,(e). We have 
&(z)(t) = da(z))(t) E ff(t,a(z)(t)) = F(t,PK(a(Z)(t))) fLe. 
and &(4(t) = do(a))(t) E Wt, 42)(t)) = F(t,pK(o(Z)(t))) a.e. 
So we have q(z)(t), x2(z)(t) E K for all t E T. Thus by hypothesis H(F) (4), we have 
(&(z)(t) - ?2(zHt), n(z)(t) - z2(z)(t)> I ?lla(z)(t) - Z2(z)(t)l12 a.e. 
Id 
* 5 z ll~lO)O~ - ~2(Z)(t)112 2 ~IIa(z>(t> - ~2(Z)(t)l12 a.e. 
Integrating and applying Gronwall’s inequality, we get zi (z) = Q(Z). Then using once again 
the continuity of T(.), we can easily check that z + X(Z) is continuous from K into W. Finally 
let 0 : K -+ K be defined by e(z) = z(z)(b). Th is is continuous and so it has a fixed point z E K. 
Then z(z) E C(T, RN) is the desired periodic trajectory, which is viable. I 
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